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Abstract
Let p, r and n be positive integers. Then the O-Fibonacci (p, r)-cube OΓ
(p,r)
n is
the subgraph of Qn induced on the binary words in which there is at least p − 1
zeros between any two 1s and there is at most r consecutive 10p−1. These cubes
include a wide range of cubes as their special cases, such as hypercubes, Fibonacci
cubes, and postal networks. In this note it is proved that OΓ
(p,r)
n is a non-trivial
Cartesian product if and only if p = 1 and r ≥ n ≥ 2.
Key words: Fibonacci cube, I-Fibonacci (p, r)-cube, O-Fibonacci (p, r)-cube, Carte-
sian product
1 Introduction
A hypercube Qn can be defined as the graph whose vertex set consists of all binary words
of length n, where two vertices are adjacent if and only if they differ in precisely one
coordinate. The cube Q3 is shown in Fig. 1(a). For n ≥ 1, a Fibonacci cube Γn is the
graph obtained from Qn by removing all vertices that contain no two consecutive 1s [4].
The cube Γ5 is shown in Fig. 1(b). For more results on application and structure of
Fibonacci cubes, see [5] for a survey.
Based on the Fibonacci (p, r)-numbering system, Egiazarian and Astola[1] defined the
O-Fibonacci (p, r)-cubes as follows. For n ≥ 1, α = a1a2 . . . an is called a O-Fibonacci
(p, r)-word if the following hold: (1) if bi = 1 then bi+1 = . . . = bi+(p−1) = 0, i.e. there is
at least (p− 1) 0s between two 1s (which is called ‘consecutive’ 1s); (2) there are no more
than r ‘consecutive’ 1s in α, i.e. there are at most r consecutive 10p−1 in α.
∗This work is supported by the Natural Science Foundation of ShanDong Province (ZR2018MA010),
the National Natural Science Foundation of China (Grant no. 11861032).
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Definition 1.1[1]. For positive integers p, r and n, let OF
(p,r)
n be the set of all the O-
Fibonacci (p, r)-word of length n. Then the O-Fibonacci (p, r)-cube OΓ
(p,r)
n is the graph
defined on the vertex set OF
(p,r)
n , and two vertices being adjacent if they differ exactly in
one coordinate.
Definition 1.1′. Let p, r and n be any positive integers. Then the O-Fibonacci (p, r)-cube
OΓ
(p,r)
n is a subgraph of Qn induced on vertices
V (OΓ
(p,r)
n ) = 0V (OΓ
(p,r)
n−1 ) ∪ 10
p−10V (OΓ
(p,r)
n−p−1) ∪ . . . ∪ (10
p−1)r0V (OΓ
(p,r)
n−pr−1)
with the initial conditions V (OΓ
(p,r)
i ) = ∅ for i < 0, V (OΓ
(p,r)
i ) = {λ} for i = 0.
The cubes OΓ
(1,3)
3 , OΓ
(1,1)
5 , OΓ
(2,1)
6 , OΓ
(2,2)
5 and OΓ
(2,2)
4 are shown in Fig. 2(a),(b),(c),(d)
and (f), respectively.
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Fig. 1. Some examples of Qn, Γn, OΓ
(p,r)
n and IΓ
(p,r)
n .
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In papers [5, 6, 7, 8, 9], another “Fibonacci (p, r)-cube” is studied from several different
aspects. It was shown that this cube is a new topological structure differing from the
existing Fibonacci like-cubes [10].
Let p, r and n be positive integers. Then a I-Fibonacci (p, r)-word of length n is a
word of length n in which there are at most r consecutive 1s and at least p element 0s
between two sub-words composed of (at most r) consecutive 1s.
Definition 1.2[8]. Let IF (p,r)n denote the set of I-Fibonacci (p, r)-codes of length n. Then
IΓ
(p,r)
n = (V,E) is the graph such that V = IF
(p,r)
n and two vertices are adjacent if they
differ in exactly one coordinate.
For examples, the cubes IΓ
(1,3)
3 , IΓ
(1,1)
5 , IΓ
(2,1)
6 , IΓ
(2,2)
5 and IΓ
(3,2)
4 are shown in Fig.
1(a), (b), (c), (e) and (f), respectively. Although OΓ
(p,r)
n and IΓ
(p,r)
n are different cubes in
general, there are also exist the same cubes defined by different p, r and n, see Fig. 1(f).
Property 1.3[10]. Let r ≥ 1, p ≥ 1 and n ≥ 1. Then OΓ
(p,r)
n
∼= IΓ
(p,r)
n if and only if
p = 1 or r = 1.
This note was primarily motivated with the study of [6] which give the characterization
of IΓ
(p,r)
n that are Cartesian products. Here we also study this question for OΓ
(p,r)
n , which
is also a problem posed in [10]. We get the following result applying the similar method
in [6, 8]:
Theorem 1.4. Let p ≥ 1, r ≥ 1 and n ≥ 1. Then OΓ
(p,r)
n is a non-trivial Cartesian
product graph if and only if p = 1 and r ≥ n ≥ 2.
The rest of paper is organized as follows. In the next section some preliminary defini-
tions and results are given. In the last section, Theorem 1.3 is proved.
2 Preliminaries
Let u and v be any two binary words. Then uv denotes its its concatenation. With un
we mean the concatenation of n copies of u. For example, 1n is the binary word of length
n, and u0 is the empty word λ. For a word α = a1a2 . . . an, w(α) =
∑n
i=1 ai is called the
weight of α, in other words, w(α) is the number of 1s in α. A word with 1 in coordinate
i and 0 elsewhere, denoted with ei, is called the ith unit word.
The distance dG(u, v) between vertices u and v of a connected graphG is the length of a
shortest u, v-path. Sometimes we simply write d(u, v) instead of dG(u, v). The Hamming
distance H(u, v) between binary words u and v (of the same length) is the number of
coordinates in which they differ. It is well known that dQn(u, v) = H(u, v) holds for any
u, v ∈ V (Qn).
The Cartesian product of G and H is a graph, denoted as G✷H , whose vertex set
3
is V (G) × V (H). Two vertices (g, h) and (g′, h′) are adjacent precisely if g = g′ and
hh′ ∈ E(H), or h = h′ and gg′ ∈ E(G). The graphs G and H are called factors of
the product G✷H . If G = G1✷G2✷ . . .✷Gk, then we say G1✷G2✷ . . .✷Gk is a product
representation of G. A graph is prime with respect to the Cartesian product if it is
nontrivial and cannot be represented as the product of two nontrivial graphs. For more
information on the Cartesian product of graphs see [3]. It is well known that the hypercube
Qn is the Cartesian product of n copies of K2.
Recall that two edges e = ab and f = xy in a graph are in relation Θ, in symbols
eΘf , if d(a, x) + d(b, y) 6= d(a, y) + d(b, x). The relation Θ is reflexive and symmetric,
but need not be transitive. For a connected graph G = G1✷G2✷ . . .✷Gk, the product
color c(uv) of an edge uv of G is i if u and v differ in coordinate i, and two edges
e and f of G are called in product relation if c(e) = c(f). The product relation is
transitive, reflexive, and symmetric. For any index i (i = 1, 2, . . . , k), there is a projection
map pi : G1✷G2✷ . . .✷Gk → Gi defined as pi(x1, x2, . . . , xk) = xi. We call xi the ith
coordinate of the vertex (x1, x2, . . . , xk). The following result can be found in Lemma
13.5(i) of [3].
Lemma 2.1[3]. Suppose G = G1✷G2✷ . . .✷Gk and e, f ∈ E(G). If c(e) = c(f) = i and
pi(e) = pi(f), then eΘf .
Two edges e = uv and f = uw are called in relation τ , in symbols eτf , if u is the
unique common neighbor of v and w. For a relation R, let R∗ be the transitive closure of
R. Then the following fundamental theorem give a tool to prove the main result of this
note.
Theorem 2.2[2, 3]. If G is a connected graph, then (Θ ∪ τ)∗ is a product relation.
This result immediately implies that a graph is prime if and only if the relation(Θ∪τ)∗
has a single equivalence class.
Finally, some notations are introduced. For a graph G let G(X) denote the subgraph
of G induced on X ⊆ V (G). For two subsets X1, X2 ⊆ V (G), let the notation [X1, X2]
denote the set of edges of G having one end vertex in X1 and the other in X2. The set
{1, 2, . . . , n} is denoted with [n], and the disjoint union of sets with ⊎. It is written as
G ∼= H to denote that graphs G and H are isomorphic graphs.
3 Proof of Theorem 1.4
Let p, r, n be positive integers and OΓ
(p,r)
n the O-Fibonacci (p, r)-cube. Then the following
result holds by Definition 1.1.
Lemma 3.1. Let p ≥ 1, r ≥, and n ≥ 1. Then we have:
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(i) if p = 1 and n ≤ r, then OΓ
(p,r)
n
∼= Qn; and
(ii) if r = 1 and n ≤ p+ 1, or r ≥ 2 and n ≤ p, then OΓ
(p,r)
n
∼= K1,n.
Proof. If p = 1 and n ≤ r, then V (OΓ
(p,r)
n ) = V (Qn) and so (i) holds. If r = 1 and
n ≤ p + 1, or r ≥ 2 and n ≤ p, then V (OΓ
(p,r)
n ) = {u : u is a word of length n and
w(u) ≤ 1}. Hence, OΓ
(p,r)
n
∼= K1,n. ✷
For i ∈ [n], Let E
(p,r)
i be the set of edges of OΓ
(p,r)
n in whose endpoints differ in exactly
coordinate i, i.e.,
E
(p,r)
i ={xy ∈ E(OΓ
(p,r)
n ) : x, y ∈ OF
(p,r)
n differ in precisely the ith coordinate}, and set
V 0i = {u : u is an end vertex of an edge from E
(p,r)
i with ui = 0},
V 1i = {u : u is an end vertex of an edge from E
(p,r)
i with ui = 1}.
Then V 0i , V
1
i ∈ OF
(p,r)
n and E
(p,r)
i = [V
0
i , V
1
i ]. For these sets the following lemma holds.
Lemma 3.2. Let i ∈ [n]. Then
(i) OΓ
(p,r)
n [V 0i ]
∼= OΓ
(p,r)
n [V 1i ], OΓ
(p,r)
n [V 0i ⊎ V
1
i ]
∼= OΓ
(p,r)
n [V 0i ]✷K2 and,
(ii) OΓ
(p,r)
n [V 0i ] and OΓ
(p,r)
n [V 1i ] are connected subgraphs of OΓ
(p,r)
n .
Proof. Since the vertices of V 0i and V
1
i differ in precisely the ith coordinate, OΓ
(p,r)
n [V 0i ]
∼=
OΓ
(p,r)
n [V 1i ] holds obviously. With the fact E
(p,r)
i = [V
0
i , V
1
i ], we know E(OΓ
(p,r)
n [V 0i ⊎V
1
i ])
= E(OΓ
(p,r)
n [V 0i ]) ⊎ E
(p,r)
i ⊎ E(OΓ
(p,r)
n [V 1i ]). So OΓ
(p,r)
n [V 0i ⊎ V
1
i ]
∼= OΓ
(p,r)
n [V 0i ]✷K2. It
complete the proof of (i).
As OΓ
(p,r)
n [V 0i ]
∼= OΓ
(p,r)
n [V 1i ], we only need to show that OΓ
(p,r)
n [V 0i ] is connected for
any i ∈ [n]. It is clear that 0n ∈ V 0i . Let α = a1a2 . . . an 6= 0 be any vertex of V
0
i such
that w(α) = k and at1 = at2 . . . atk = 1. By Definition 1.1
′, all the words α1 = α + e
t1 ,
α2 = α + e
t1 + et2 , . . ., and αk = 0
n = α + et1 + et2 + . . . + etk are vertices of V 0i . So
there exist a path between α and 0n: α-α1-α2-. . . -αk in OΓ
(p,r)
n [V 0i ]. This means that any
vertex of V 0i is connected with 0
n. So OΓ
(p,r)
n [V 0i ] is connected. ✷
Corollary 3.3. Let i ∈ [n] and e, f ∈ E
(p,r)
i . Then eΘf .
Proof. Since e, f ∈ E
(p,r)
i , c(e) = c(f) = i obviously. Further by Lemma 3.2, we know
that OΓ
(p,r)
n [V 0i ⊎ V
1
i ]
∼= OΓ
(p,r)
n [V 0i ]✷K2. By the facts E
(p,r)
i = [V
0
i , V
1
i ] and OΓ
(p,r)
n [V 0i ]
∼=
OΓ
(p,r)
n [V 1i ], pi(e) = pi(f) = K2 holds. Hence, eΘf by Lemma 2.1. ✷
Proof of Theorem 1.3. If n = 1, then OΓ
(p,r)
n
∼= K2 and so it is prime. Hence we can
assume in the rest that n ≥ 2.
By Theorem 2.2, it suffices to show that the relation (Θ ∪ τ)∗ consists of a single
equivalence class to prove that OΓ
(p,r)
n is prime. For any i ∈ [n], all the edges of E
(p,r)
i
are in the same Θ∗-class by Corollary 3.3. The binary relation ∼ on the set [n] also
can be defined as follows[6]: for i, j ∈ [n] we call i ∼ j, if there exist edges e ∈ E
(p,r)
i
and f ∈ E
(p,r)
j such that eτf . Then it follows that OΓ
(p,r)
n is a prime graph as soon as
∼∗= [n]× [n]. We distinguish two cases.
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Case 1: p = 1.
By Lemma 3.1, OΓ
(1,r)
n
∼= Qn for n ≤ r. If n > r, then OΓ
(p,r)
n
∼= IΓ
(p,r)
n by Property
1.3. For IΓ
(p,r)
n such that n > r, it has shown that ∼∗= [n] × [n] in paper [6]. Hence,
OΓ
(1,r)
n
∼= Qn is prime if and only if r < n.
Case 2: p ≥ 2.
We consider the words e1 = 100n−2 ∈ V 11 , 0
n = 000n−2 and e2 = 010n−2 ∈ V 12 . It is
clear that 0n is a common neighbor of e1 and e2, and e1 + e2 = 110n is another possible
common neighbor of them. Since p ≥ 2, we know that e1 + e2 is not a vertex of OΓ
(p,r)
n
by Definitions 1.1 or 1.1′. Hence, we know that 1 ∼ 2. In general, we consider the words
ei = 100n−2 ∈ V 11 , 0
n = 000n−2 and ei+1 = 010n−2 ∈ V 12 for i ∈ [n − 1]. Then we get
i ∼ i+1, and so 1 ∼ 2, . . ., n−1 ∼ n. Hence we conclude that ∼∗= [n]× [n]. This means
that for any p ≥ 2, the cube OΓ
(p,r)
n is prime. ✷
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